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Weighted inequalities for multilinear potential 
operators and its commutators 

Ana Bernardis, Osvaldo Gorosito and Gladis Pradolini * 



^ ■ Abstract 



^vq ■ We prove weighted strong inequalities for the multihnear potential operator 

7^ and its commutator, where the kernel (p satisfies certain growth condition. 
For these operators we also obtain Fefferman-Stein type inequalities and Coifman 
type estimates. On the other hand we prove weighted weak type inequalities for 
the multilinear maximal operator M^p^B associated to a essentially nondecreasing 
function (p and to a submultiplicative Young function B. This result allows us to 
obtain a weighted weak type inequality for the operator Ts- 



1 Introduction 
> 

Tjj- I In [Pe], C Perez proved weighted norm inequalities for general potential operators. 

^ ' For a given nonnegative locally integrable function $ defined in M", the potential operator 

T$ is defined by 



O 

o: (1.1 



nf{x)= [ ^x-y)f{y)dy. 



In a previous article E. Sawyer and R. Wheeden obtained Fefferman-Phong type condi- 
/\ • tions on the weights and proved weighted boundedness results for the fractional integral 

c^ ■ operator /q, between Lebesgue spaces (see [SW]). Motivated by this paper, Perez con- 

sidered weaker norms than those involved in the Fefferman-Phong type conditions in 
[SW] and obtained weighted boundedness results for the potential operator T$, where 
the kernel $ satisfies certain growth condition. These norms are defined in terms of 
certain mapping properties of appropriate maximal operators associated to each norm. 
In the same article, the author considered the corresponding problem for the maximal 
operator related to the potential operator T$ defined by 



M^f (x) = snp^^ [\f{y)\dy, 
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where 1{Q) is the sidelength of Q and 

(1.2) <i>(t) = f <!?{z)dz. 

J\z\<t 

Other authors also proved weighted norm inequahties involving the potential operator 
defined in (1.1). 

In [GUMP] the authors proved a Coifman type inequality by using extrapolation 
arguments. More precisely, they showed that if u; is a weight in the Aoo class, the U'{w) 
norm of T^ is bounded by the U'{w) norm of M^. They also obtained the corresponding 
result in the context of Lorentz spaces. 

On the other hand, in [LQY] and [LI] the authors obtained weighted U* inequalities 
of Fefferman-Stein type for T$ and for the higher order commutators associated to this 
operator, respectively whenever 1 < p < oo. These estimates involve pairs of weights of 
the form (w, A^w), where M. are suitable maximal operators. 

Two weighted norm inequalities in the spirit of those in [Pe] were proved in [L2] for 
the higher order commutators associated to T^. 

In [PW] and [LYY], weighted inequalities like the ones described above were proved 
in the general setting of the spaces of homogeneous type. 

Motivated by the work in [LOPTT], K. Moen [M] considered the multilinear fractional 
integral. For < a < mn and the collection / = (/i, . . . , fm) of m functions on M" this 
operator is defined by 

For this operator, Moen obtained two weighted U* — L'^ estimates and a Coifman type 
inequality, generalizing to the multilineal context the results given in [Pe] and [GUMP]. 
As a consequence of the two weighted inequalities, he obtained a generalized version of 
the well known characterization proved in [MW]. He also obtained weighted weak and 
strong inequalities for the multi(sub)linear fractional maximal operator. 

A weighted weak type inequality for X^ and the control of the U'{w) norm of X^ by 
the U'[Mw) norm of the mult i( sub) linear fractional maximal operator, where M is the 
Hardy-Littlewood maximal operator, were obtained in [P]. In this article the author 
also obtained weighted inequalities for multi (sub) linear fractional maximal operators 
associated to Young functions. 

On the other hand, weighted strong boundedness and weighted endpoint estimates 
for the multilinear commutator of X^ were proved in [GX]. The authors also studied the 
multilinear fractional integral with homogeneous kernels. 

In this paper we shall consider the multilinear potential operator defined as 

P m 

(1-3) %{f)i^) = (p{x-yi,...,x-ym)Ylfi{yt)dy, 



where is a nonnegative function defined on (M'^)'". We shall also deal with the com- 
mutator associated to this operator, given by 

(1-4) 7i,^(/)(^) = E'^^.-^(/)(^)' 

i=i 

where 

Tb^,^{f){x) = bj{x)%{f){x) -7^(/i,--- ,bjfjr-- Jm){x). 

The aim of this paper is to prove weighted strong and weak type inequalities for these 
multilinear operators like the ones described above. As in the case m = 1 we assume that 
the function satisfies a growth condition. More precisely, we say that a non-negative 
locally integrable function </> defined in (M"')'" satisfies a ©-condition or that G 2? if 
there exist two positive constants 6 and e such that the inequality 

C f 

sup 0(u;)<-— / (j){y)dy 

"'^■^(2'=. 1,0) ^ ''■^(2kM 

holds for every A; G Z, where 

m 

(1.5) AitAe) = {y = (2/1, ■■■ ,ym): 5(1 -€)t<Y, \yi\ < ^(i + e)2t}, t > 0. 

i=l 

Although the basic example of operators of this type is provided by the multilinear 
fractional integral operator defined by the kernel 0(wi, . . . ,Wm) = (Yl^i \'^i\)°' ""^5 ^^ 
< a < nm, another important example is the multilinear Bessel potential. For a > 
the kernel of this operator is given by 

Jo t 

where the constant Ca,n,m = 2""^r(«/2)7r"'"/2 • If ^= (6, • • • , ^m), 6 ^ M", it is easy to see 
that the Fourier transform of the kernel Ga valuated in ^ is given by 

-a/2 



GliO= (l + 47r2|f 



As in the case m = 1 (see [G, 418]), we can prove that if a is a positive number and 
X = {xi, . . . ,Xm) with Xi G M" then Ga{x) > for every x G (M*^)*". Moreover, there 
exist positive constants C and c that only depend on a, n and m such that 

Go.{x) < Ce-l^^l/2^ when |f| > 2, 

and 

c-^Haix) < Ga{x) < cHo,{x), for \x\ < 2, 



where H^ is a function that satisfies 

I -|a-nm, ^ ^ ^ ^^|^|Q_„m+2^) for Q < « < nm, 

ifa(^) = <( log^ + l + odxp) ifa = nm, 

l + o(|x|"-"™) ifa>nm, 

as |x| — !■ 0. As in the hnear case, Ga satisfies condition 2). 

In the setting of the spaces of homogeneous type, D. Maldonado, K. Moen and V. 
Naibo [MMN] defined the multihnear version of the potential type operators studied 
in [PW]. They proved two weighted strong inequahties hke the ones in [PW] for the 
case 771 = 1. Observe that in the euchdean context and whenever K{x,y) = (j){x — y), 
the growth condition in [MMN] is more restrictive than the condition 2). It is easy 
to check that condition 2) is satisfied by any radial increasing or decreasing function, 
and functions essentially constants on annuli. Since we also work with commutator 
operators, our results are not included in the results in [MMN]. 

2 Preliminaries 

Let X be a Banach function space over M" with respect to the Lebesgue measure. 
Examples of these spaces are given by the Lebesgue L^ spaces, Lorentz spaces, Orlicz 
spaces and so on. Given any measurable function f E X and a cube Q C M", we define 
the X average of / over Q to be 

||/IU,Q = ¥i{Q)UXq)\\x: 

where 6af{x) = f{ax) for a > and xa denotes the characteristic function of the set A. 
In particular, when X = L^ , the Orlicz space associated to a Young function i3, 

« = ll/IU.,« = taf{A>0:^/B(m),,<i}. 



Particularly, when X = L^, r > 1, we have that 

1 



l/r 

\f{y)\' ■ 



X,Q - \\J \\L\Q \ 1^1 

Given a Banach function space X there exists an associated Banach function space 
X' for which the generalized Holder's inequality, 

\f{x)g{x)\dx<\\f\\x\\g\\x'. 

holds. Notice that if we apply the above inequality to 5i{^Q){fxQ) and 5/(q)((7Xq) "we get 
that 

||/^||l1,Q < \\f\\x,Q\\9\\x',Q- 



On the other hand, when we deal with OrHcz spaces a further generahzation of Holder's 
inequality that will be useful later is the following: If A, B and C are Young functions 
and 

A-\t)B~\t)<C"\t) 

then 

when C{t) = t, the function B is called the complementary function of A. 
In general, if C and Cj are Young functions such that 

m 

l[c-\t) < c-\t) 

i=l 

then 

m m 

For more information about Orlicz spaces see [O]. 

We shall say that the function if : (0, oo) — )• (0, oo) is essentially nondecreasing if 
there exists a positive constant p such that, if t < s then ip(t) < p(p{s). We shall 
also suppose that lim^^oo ^^ = 0. Let Xi, . . . ,Xm be m Banach function spaces and 
X = {Xi, . . . , Xm)- If (/3 is a essentially nondecreasing function, the multilinear maximal 
operator A^ ^ associated to ip and X is defined by 

m 

M^^^f{x)=snpv{\Q\)l[\\M\x,,Q. 

li X = {X, . . . ,X) we simply write M.<p,x and M^^x if m = 1. li ip = 1 we write Aix, 
M.X or Mx respectively. When X is an Orlicz space L^, sometimes we shall denote 
with II ■ ||b the norm || ■ ||j;^b and with M.^^b the operator M.^j^b. In particular, when 
B{t) = t^(l + \og^t)°', for any a > and p > 1, we shall use the notation || ■ ||LP(iogL)",Q 
and A^i^,LP(iogL)" to denote the corresponding norm and maximal operator. 

Associated to the kernel (p we denote $51, < 6* < 1, to be the positive function 
defined for t > by 

1/0 

(2.1) Mt)= E ( / ^(y^' 

For ip{t) = $51 (t^/") the corresponding multilinear maximal operator A^(p,x "will be 
denoted by /A^g^x- 

Let 1 < pi, . . . ,pm < c>o such that 1/p = ^^^ l/pi and suppose that Mxi '■ L^' — )■ 
L^\ From the fact that M.jif{x) < Y\^=iMxJi{x) and applying Holder's inequality we 
obtain that 

M^ : U"{W) X ■ ■ ■ X LP'"(M") -^ LP(M"). 



When we deal with the commutator defined in (1.4) we suppose that the vector of 
symbols b = (61, ... , 6^) ^ BMO"^ and we omit this hypothesis. Moreover, we denote 

\\b\\* = s^Pi<j<m\\bjh- 

If A(t) = e* — 1, let II ■ ||expL,Q denote the average || ■ ||l^,q. By the John Niremberg 
inequality we get that \\b — &q||cxpL,q < C'||6||,, for any BMO function h. In the proof of 
the results we shall use frecuently the following inequality 

^y"|&-6Q||/|<C||6-6Q||expL,Q||/||L(logL),Q<C||6|M|/|U(logL),Q 

which can be proved by Holder inequality. 

In this paper we shall use the following properties of the weights. We say that a 
weight w satisfies a Reverse Holder's inequality with exponent s > 1, or equivalently, we 
say that w G RH{s), if there exists a positive constant C such that 

^ ^ w") <C (r^ I w 

Q 



\Q\Jq J - \\q\ 



for all cube Q. We say that w G RHoo if there exists a positive constant C such that the 

inequality 

C f 

supM;(x) < — — / w 
xeQ \Q\ Jq 

holds for every Q C M". 

In all the results of this paper we shall use the following notation: with T^t j, we shall 
denote the operator 7^ when £ = and the commutator 7^ . when i = 1. We also use 

Ce to denote a constant that depend on the norm ||6||* ii i = 1. 

Sometimes we shall only estimate the term 7^- , in the definition of the commutator 
given in (1.4) since the final estimate goes straightforward. 

3 Statement of the main results 

3.1 Strong type results 

In the next theorem we give Fefferman-Phong type conditions on the weights in order 
to obtain the boundedness of the operator 7^ and its commutator between weighted 
Lebesgue spaces. 

For 1 < i,j < m, 6ij will be 1 if z = j and will be if z 7^ j. li u,vi, . . . ,Vm are 
weights we write {u, v) = {u, vi, . . . , Vm)- Let Yij and Yij, i,j = 1, . . . , m be Banach 
function spaces. We denote Y and Y the matrix whose components are Fjj and Yij 
respectively. 

(3.1) Theorem: Let i G {0,1} be given. Let 1 < pi,...,pm < C)0, with 1/p = 
Y^iLi ^/Pij ■'st q be an exponent satisfying 1/m < p < q < 00 and let cf) G T). For 
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k e {0, 1}, k < i, and i,j G {1, ■ ■ ■ ,m}, let X^, X^, yA and Y-^j be Banach function 
spaces such that 

ll/fi'l|L(logL)fe,Q < '2\\f\\x\Q\\g\\xk^Q, 

for every cube Q. If Y-' = (Y^j, . . . , Yj^j) denotes the j-th column in Y*^ suppose that 
for every k G {0, 1}, k < i, 

M^, : LP'iW) X ■ ■ ■ X LP-(M") -^ LP{W'). 

3 

For the weights {u, v) let us write 

m 

(3.2) W(^,7,X,Y) = max sup $,(/(g)) IQl'/'^^'/^ H^^H^Z/q H ll^r'lly..,Q- 

Suppose that one of the following two conditions holds 

i) q> 1, M^k : L^^' {W) -^ L'i\W), for every A; G {0, 1}, A; < £, acd {u,v) are weights 
that satisfy 

(3.3) max{W(l, 1, X\ Y°), £ W(l, 1, X°, Y^)} < oo 
a) (? < 1 a-iid (u, v) are weights that satisfy 

(3.4) max{W(g,g,L(logL)^^Y°),£W(g,l,L,Yi)} < cx) 
Then there exists a constant Ci such that the inequality 

(3.5) [jj^^'''^^^^''^j - ^^n (X„(i/^i^'^)'j 



i=l 



— * 

holds for every f G LP'^{v^'^) x ■ ■ ■ x LP"^{v^). 

Notice that, in the case q > I, the factor involving the function (p in the conditions 
on the weights is given by $i(/((5)). Also notice that $i(t) is equivalent to 0(5(1 + e)t), 
where 6 and e are the constant in condition 1) and is the function defined in (1.2). 
Then, when g > 1 we get the corresponding conditions on the weights that the ones 
previously obtained in the linear cases or for the multilinear fractional integral. On the 
other hand, when the function (p is any radial increasing or decreasing function, or is 
essentially constant on annuli, then the function ^^(t), < ^ < 1, is equivalent to the 
function (f){6{l + e)t). In particular, when (j){y) = {Yl^i \yi\)°'~^"^ we recover the results 
in [M] for the case i = 0. 

In the following remarks we give some examples of Banach function spaces that can 
be used in conditions (3.3) and (3.4). 



(3.6) Remark: When we consider the operator 7^ (£ = 0), we get the theorem above for 
X^ = L'^^ and YJ^- = L^^^ for every j = 1, . . . , m and for some r > 1 (with X° = L^'^^^ and 
Y^j = L^^P'i^'). Using Orhcz spaces we get a better result. In fact, applying the examples 
of Young functions give in [CUP] (see page 828) we can take X^ = L'^(\ogL)'^~^^^ and 
Y^- = L^i [log Lyi~^~^^ , for every j = 1, . . . , ttt, and for some 6 > 0. 

(3.7) Remark: When i = 1, that is, when we consider the operator 7g ,, we get the 
theorem above with X° = L'^ {log 1)'^-^+^ , X^ = Li {log 1^^-^+^, Y^^j = W' {log L)p'-^+^ 
for every j = 1, . . . ,m, yA = LP' {log L)p'-^+^ for i y^ j and Y^j = Lp'^ {log LfP'^~^^^ . The 
case m = 1 of Theorem 3.1 improves the results in [L2]. 

As a consequence of Theorem 3.1 we obtain the following Fefferman-Stein type results. 

(3.8) Corollary: Let 1 < pi, . . . ,Pm < oo with 1/p = YlT=i ^IVh ^ ^ {Oj 1} a-^d let 

0e D. 

i) If p > 1 , for each < 6 < 1 there exists a constant Ci^s such that 

l/p m ^ „ \ 1/Pi 



a) If p < 1 and i = 0, there exists a constant C^ such that 
/ P \ i/p *" / /■ 

/ iwtnr=i</^M < Cell I \fr-M^^.,Li 



Hi) If p < 1 and i = 1 there exists a constant Ci such that 



i/p ™ / /• \ i/pi 

{Ui 



(3.9) Remark: If we take m = 1, i = and 6 = [p] + 1 — p in the estimate in i) of the 
Corollary above we recover a result obtained in [LQY]. On the other hand, by taking 
m = 1, i = 1 and 6 = [2p] + 1 — 2p, the estimate in i) improves the result given in [LI] 
for the first order commutator. 



In the following result we obtain Coifman type inequalities for the multilinear poten- 
tial operators and its commutators. 

(3.10) Theorem: Let (f) El), i E {0, 1} and w E A^. Then, for every f= (/i, . . . , fm) 
with fi bounded with compact support, we get the following inequalities. 

i) If < p < 1 and i = 0, there exists a constant Ce such that 

\%f{x)\Pw{x)dx<C, [ [M^^,Lf{x)Yw{x)dx. 
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n)IfO<p<l,£ = l and w G RH{l/p), there exists a constant Ci such that 

\T^ ,f{x)\P w{x) dx <Cej [M^^^L{\oi^L)f{x)Yw{x)dx. 
iii) If p > 1, there exists a constant Ci such that 

l'7i«,</,/(3;)r w(x) dx <Ci [M^^^L(iogLYf{x)fw{x) dx. 

For i = 0, the result above was proved in [M] for the case of the multihnear fractional 
integral. On the other hand, when m = 1 an analogous result was obtained in [LYY] on 
spaces of homogeneous type. 

The following theorem contains other weighted inequalities for the operators 7g£ . 
that we shall use in the next section to prove weak type inequalities. 

(3.11) Theorem: Let G D, £ G {0, 1}, and u a weight. 
i)IfO<p<l, there exists a constant Ci such that 

\'^(,<t,fi^)\^^i^) dx <Ci [A^<j,i,L(iogL)'^/(a;)]^Mi(iogL)<?M(x) dx. 
a) If p > 1, there exists a constant Ci such that 

\7le^^f{x)fu{x) dx <Ci [A^#i,L(iogL)'^/(a;)]^Mi(iog^)[fp+p]M(x) dx. 

(3.12) Remark: For m = 1 and p > 1 the result above was proved in [Pel] for the 
fractional integral operator I^. 

3.2 Weak type results 

The following theorem is a weighted endpoint estimate for the multilinear maximal 
operator A^,^,^. 

(3.13) Theorem: Let ip he a essencially nondecreasing function, B a subniultiphcative 

m 

Young function, B"^ = B o ■ ■ ■ o B, tp = B"^ o ip^/"^ and u = YYiLi ^j ■ Then 

1 m „ 

sup „ ,,,,, ^ (\x G M" : M^,rsfix) > A-))" < Cj] / S™(|/.|)M^,^«,. 

Particularly, if < a < nm and (p{t) = t", the result above was proved in [P]. On 
the other hand, when (p(t) = 1 and B{t) = t(l + log"*" t) an analogous result was proved 
in [PPTT]. Similar estimates for several maximal operators can be found in [LOPTT] 
in the multilineal context, and, for example, in [FS], [Pe3] in the case ?Ti = 1. 

The next "control type" result follows by applying similar techniques to those in [P] 
for the case of multilinear fractional operators. 
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(3.14) Theorem: Let (j) e^, i e {0, 1}, 6o, 5i > and let u be a weight. Then there 
exists a constant Cg such that 

As an easy consequence of Theorem 3.14, Theorem 3.13 applied to the case B{t) = t, 
and the inequality Mi^(iogi^s{u) < YYiLi[-^L{iogL)^{ui)Y^"^^ W6 obtain the following result 
for the multilinear potential operator. 

(3.15) Corollary: Let G 2), 5 > and let u = llT=i «1^"- ^^en 

m „ 

The case ?n = 1 of theorem above was proved in [CPSS] for 0(t) = t"~" and in [P] 
for m > 1 and 0(t) = t"-"'". 

4 Proofs of strong type results 

We begin this section proving the following lemma based in the discretization method 
developed in [Pe] (see [M] for the case of the multilinear fractional integral). 

(4.1) Lemma: Let fi, i = 1, . . . ,m, be positive functions with compact support, let u 
be a weight and (j) eT). Let £ G {0, 1}, < g < 1 and, for j e {1, . . . , m} let bj be a BMO 
function. Then there exist a constant Ci, two family of dyadic cubes {Qfc„}fc,r?ez and 
{Qi,ri}k,v€Z and two family of pairwise disjoint subsets {E^^^} and {El,^}, E^^^ C Q°^ 
and El^ C Qi^^ with 

\Ql^\<C\El^\ and \Qi,\ < C\El,\ 
for some positive constant C and for every k, t], such that 



» m 

/ [\%um' < cej2%iKQi,)n^^'\Wio,Ly.,3QiUm\i,QO \ei 



nO 

k,r) i=l 

m 

k,ri i=l 



Proof. Proceeding as in the proof of Proposition 3.4 in [CUMP])we can assume that the 
weight u has compact support. For each t > we set (pit) = sup^^g^ 4>{y)y where 
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A(t,5,e) is the set defined in (1.5). Then, ii x — y = {x — yi, . . . ,x — ym), we get 

„ m 

\%.M)(^)\ ^ E/ \b,{x)-b,{y,)U{x-y)llMy,)dy 

..^'7, J X — VPA,„ij-^ 1 r.^ .' — I 



£Z '^^'~2/^'^(2"^-l,l,0) J=l 

„ m 

u& ■Jj:Zi\--m\<^^ i=i 

<E E ^C-^)xQix)[ \bAx)-b,{y,)ff[fMdy 



(4.2) 



< E ^ f ^) l^^(^) - (^.)Ql'xQ(a:) n / /.(!/.) dy. 



Qe© ^ ' j=i, JT^i 



X ( y l&j(%) - (^i)Ql fjiyj)dyj] ■ 

From the above estimate, using the generahzed Holder inequahty and the estimate 1 1 (6 - 
^Q)''\\expL^/i,Q ^ C'||fe||^ that holds for any BMO function 6, we get 






19 
'*|Il,3Q 

Qev \ - / v-'w / i=i 



+ «cii(,,ii:' Y, ^ (^)' ii"'iu.oi3Qi"'« fi ii/'HV,.,.. 

ncT) V / -i— 1 



L(logL)°'>J,30 

Notice that, since g < 1 in the last line of the inequalities above we have used that 

||m^||l,q < I|m|I1q- 

From the results in [M] we get the following Calderon-Zygmund decomposition. For 
h = {hi,. . .,hm) let 

m 

M3vh{x) = sup TT||/ii||L,3Q 
xeQGX' fj[ 
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and 

Vk = {xeW : M^vK^) > a^} 
with a > 6"||A4l||, where ||A^l|| is the constant from the L^ x ■ ■ ■ x L^ — )■ L^/"^'^ 
inequahty for Ml- It was proved in [M] that there exists a family Qfc.r? of maximal, 
disjoint and dyadic cubes such that V^ = U^gz Qk,r], and 

m 

4 = 1 

Moreover, if Ek,rj = Qk,r) \ T^k+i then {-Efc.r^jfc.r? is a disjoint family of sets that satisfies 
\Qk,ri\ < C\Ek^r^\, for some positive constant C. 

Observe that the cubes Qk,r] and the sets E^^ri depend on the function h. We shall 
apply the above results to two different functions. In one case we shall use h = f and 
in this case we shall denote with Q^ and E^ the corresponding cubes and sets. In 
the other case we shall apply the above decomposition with h = {h{, . . . , hj^) , where 
hi = fi'iii ^ j and /ij = u. In this second case we shall denote with Q-^ and El the 
corresponding cubes and sets. On the other hand, let 

m 

1=1 
and let J-'° be the above set with fi instead of hj . Then 

It is easy to prove (see for example [L2]) that for any dyadic cube Qo with l{Qo) = 2~^° 
and any Young function ip, there exists a positive constant C such that 

E |3g|||/||L^3Q<C|3Qo|||/||L^3Qo- 

{QcQo,/{Q)=2-'^} 

On the other hand, since G 2), 

\ 9 

0(y)' 
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From the results above we get that there exists C > such that 

{Q-QcQo} ^ ' i'>^o 

X Y. |3QIII/IU^3Q 

{QcQo,«(Q)=2-'} 

< c<i',(/(go))''|3golll/IU^,3Qo 

where C depends on 5, e in condition 2). Using the inequahty above with il)[t) 
t(l + log+ tf" and ^{t) = t^/^il + log+ t) we get 

m 

+fc,5:*,(i(«„))'ii..ii^^,^,^^nii/'iii„„,.,...,3«j^i,i- 

fe,J7 i=l 



D 



Proof of theorem 3.1: Let us first consider the case g > 1. It is enough to prove that, for 
every j = 1, . . . ,m, 



\%.,4f){x)\u{x)g{x) dx < C,\\g\\,, J] H^' 






i=l 



for all g E L'^ (IR"), with (7 > 0, and for all positive function /j bounded with compact 
support. From Lemma 4.1 with g = 1, the generalized Holder's inequality and condition 
(3.3) we have that 

p m 

/ \%^J\ug < C,^$i(3/(Q°,,))||«^|L(i„g^).,Q0 nil/^IL,3QoJ^Ml 



+iC,J2M^KQi,mU9\\,,SQi nil/^llL(logL^.,3Qi \Ei 



k,r] j=l 



m 

A_fr„\^\\n\\- ■ TTllf-7)-ll- ■ IF-'' |VP+l/g' 

k.rj J=l 
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By Holder's inequality and the fact that p < q we obtain that 



•^'^ \k,rj / \ k,e j=l 



i/<? 



I'^ll \vO q^O 



Ki-m., 



-ic. Y. 



1/9' 



kl 



loll^ \F? I 



1/9' 



E 1^1/^' nil/' 



1/9 



/t,£ 



i=l 



* ^"^!..3Qi,^ 






i/p 



^ij''^Qfe,i7 



1/9' 



1/p 



1/9' 



Ei^unii/' 



i=l 



"^'''yy^Qi 



i.j' ^k,r] 



M^Mv) 



Y? 



P\ 1/p 



+iCA / M^oigy 



1/9' 



-Mv^.(^) 



y. 



p\ i/p 



where /w = (/i^i, . . . , frnVm)- Then by the hypotheses on the boundedness properties of 
M.^f, and M^fc, /c G {0, 1}, fc < £, we conclude the proof of the case g > 1. 

Suppose now that 1/m < p < 5' < 1. From Lemma 4.1, by the generalized Holder's 
inequality, condition (3.4) and the fact that p < q we obtain that 



l'7^^,0(/)(a;)k(a;) 



1/9 



\ 1/9 

19 |PJ'0|9/P1 



dx] < C*, |Enil/^^^llyO^.,3Q-V^Ml / 

k,ri i=l ' ' / 

m \ 1/9 



-^^. Enii/^-^iii..,3of i^mI^'^ 



k,ri i=l 






in j 



i,j'^^k,ri 



1/p 



1/p 



and from the hypotheses on the boundedness of the multilinear maximal operator M.^^-, 
/c G {0, 1}, A; < £, we finally get the theorem. D 

Proof of Corollary 3.8: For the case p > 1 and i = 0, the proof follows from Theorem 
3.1 and Remark 3.6 by taking p = q, X^ = //^(logL)^"^"*""^ for some < 6 < 1, Yj'l- any 

Orlicz space such that the maximal operator associated to the space Yf'j is bounded from 

L^' into L^', i = 1, . . . ,m, u = W^-^u/^' and Vi = [Mi^p ^m^g^y-i+s {ui)Y^P\ In fact, we 
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use the generalized Holder's inequality with C{t) = ^^(1 + log''' ty ^+^ and Cj(t) = ^^'(1 + 
log"*" t)^"^"'''', 1 < i < m to estimate IImUx" and the inequality M^pm^gx.y-i+s{ui){x) > 
$i(/(Q))^||uj||i(iogj^)p~i+5 Q, for all x G Q, to estimate ||Uj"^||yo . In a similar way we can 
prove the result for p < 1 and i = 0. 

For the case p > 1 and £ = 1, as in the previous case, the proof follows from Theorem 
3.1 and Remark 3.7 by taking p = q, ¥[*■ and Y-^- be any Orlicz spaces such that the 
maximal operators associated to the spaces Fj"- and Y^^- are bounded from L^' into L^', 
i = 1, . . . ,m, XO = LP(logL)P-i+^ X^ = LP(logL)2p-i+'5 and the weights u = U'^iuy^* 
and Vi = [M<j,p^^(iog^)2p-i+4(nj)]^/P\ For the case p < 1 and i = 1 take u = Yl^^u^' and 

Vi = [M$P,Li/p(logL)p(Mi)]^/^'. 

Proof of theorem 3.10 : We start proving the case p <1. By taking q = p and u = w^/^ 
in Lemma 4.1 we obtain 



« m 



P l/^° I 



Since w G A^o then w satisfies the reverse Holder's condition RH{s) for some s > 1. 
Then, from the fact that ||.||L(iogL)'^p,Q ^ ll•IU^Q fo'^ ^'^Y s > 1, the condition RH{s) and 
the condition RH{l/p) for the case i* = 1, we get that 

/ \\m'w < cej2'^MQi,)r\ML,3Qoiim\i,Q^ k^i 

"'^ fc,7? i=l 

m 

fc,»7 i=l 

Since w G Aqo and |(5fc,r?| < C'|-Ea:,»;| we obtain that w{Qk,rj) < Cw{Ek,rf), so that 



fc,r; i=l 



.:,r)J 



m 
fc,r; 2=1 



< C^HL [M<,J{x)fw{x)dx 

k,ri -^ K,ri 

< Ci [Mii.^^L{iogLyfix)fw{x)dx. 
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The case p > 1 follows from the case p = 1 by applying the extrapolation theorem in 

[GUMP]. D 

We shall use the next two results to prove Theorem 3.11. The first one is a corollary 
of Lemma 4.1 and the second one was proved in [CN]. 

(4.3) Corollary: Let G D and let v be a weight satisfying the RH^q condition. If u 
is a weight, then there exists a positive constant Ce such that 



\T^e^^f{x)\u{x)v{x)dx < Ce M^^^Lf{x)Mnio^LYu{x)v{x)dx 

+iCi / M<s>,,L\ogLf{x)Mu{x)v{x)dx. 



Proof: Since v E RH^ then v E A^. Thus, if |g| < C\E\ then v{Q) < Cv{E). From 
Lemma 4.1 with g = 1 we have that 

» m 



m 



k,ri i=l ^^k,r] 

m 



m 

< ^"^^ 

k,'r) i=l 

m 

k,r] i=l 

< CeJ2 [ ^ M^^Lif) ML^,,^Ly{u) V 
k,-n "^^tv 

+^^'Y. [ , ^'^uL(logL){f~)M{u)v. 



(4.4) Lemma: Let g he a function such that M{g) is finite a.e. and a > 0. Then 
M{g)-^ E RH^. 

Proof of theorem 3.11 : 

i) We follow similar arguments to those in [CPSS], (see also [P] for the multilinear case). 
We shall use the duality in -^^(/i) spaces for p < 1: if / > 

LP(^) = inf{ / fu-^ dfx : \\u^^\\lp'{^,) = 1} = / /uq^ dfx, 
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for some Uq > such that ||wo ^llLp'(At) ~ ^' '^i^h p' = -^ < 0. This follows from the 
following reverse Holder's inequality, which is a consequence of the Holder's inequality, 



(4-5) fgd^y ||/||lp{^)||^|Ilp'(^)- 

Given a weight u, we shall use the above results with an absolutely continuous mea- 
sure /i with density Mj;^(^i^^iyu. In fact, let g he a, nonnegative function such that 



1^ "^'''(^•^LdogL)^") 



II Tv'fAf .^,\ — J- and 

ML(iogLyu 



Let 6 > 0. By the Lebesgue differentiation theorem we get 



■^'S>iMlogLyf\\LP(M^,.^.eu) > / -M<J>i,L(logL)';/ 



i(logi) 



Mniogiyu 
Ms{g) ' 



where Ms{g) = M(g^Y^^. Then applying Lemma 4.4 and Corollary 4.3 to the weight 
Ms[g)~^ and the reverse Holder's inequality (4.5), we obtain that 



Mu 



-iCe / A^<i>i,L(iogL)'^/ 



> / \nj(x)\^^dx 



Ms{g) 

^ \\'Ui,<i,f\\LHtL)\\Ms{gy \\lp'{u)- 
To finish the proof we shall show that 

\\Ms{g)~^\\LP'(r,) > Wg'^Wlp'iMu) = 1- 

Since p' < 0, this is equivalent to prove that 

Ms{g)-P' {x)u{x) dx < C f g~P' {x)Mu{x) dx. 

By choosing S such that < S < j^, we have that —p'/S > 1 and the above inequality 
follows from the classical weighted norm inequality of Fefferman-Stein (see [FS]). 

ii) It is enough to prove that 

\'^bi,c^if)i^)\uixY^Pg{x)dx < Cei [M^,^L{\ogLYf{x)YMni^^L)Vp+p]u{x)dx\ \\g\\p' 
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for every function g & L^ (R"). From Lemma 4.1 we get that 

m 

Let eo and ei be two positive numbers to be chosen later and consider the Young functions 
A^it) = tP{l + log+i)^P+(P-i)(i+^^) and Ceit) = fP' {1 + log+ t)-(i+^^). Then, it is easy to 
check that Aj^it)Cl^{t) < B^^{t), where Beit) = t(l + log+t)^ and Ce G Bp,. Thus, by 
the generahzed Holder's inequality 

M^,,,Lyiu'/^9) < Mj,^{u^/P)Mc,g = {M^^uY^' Mc,g 
where Ai{t) = t(l + log+ t)^P+(P-i)(i+^^'). Then 

\%..Af)\^'^'9 < cJ M^,J{x)Mj,Xn''P){x)McXg){x)dx 

+eCe [ M^,,LiosLf{x)MAo{u'^n{x)Mc,{g){x)dx 

< cJ M^,^L^,,,LyfMj,^{u'/n[Mco9 + Mc,g] 

< Ce( f [M^^^Liio^LrfMAAu'^nr] '\\9\\p' 

\Jr" J 

Thus, by taking e^ = I p+pj^p-p+ -^g ^^^ done. D 



5 Proofs of the weak type results 

Proof of theorem 3.13 : Let I^a = {x G M" : Mip^sf^x) > A™}. By homogeneity we may 
assume that A = L Let K he a compact set in Qi. Since ii' is a compact set and using 
Vitali's covering lemma we obtain a finite family of disjoint cubes {Qj} for which 

m 

or, equivalent ly 

m 
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and K C Uj3Qj. The proof follows now similar arguments as in the proof of Theorem 
4.1 of [PPTT]. We include it for the sake of completeness. 

Let gi = ^ilQjiy^'^fi and C™ the family of all subset a = {cr(l), ..., a{h)} of different 
elements from the index {1, ...,m} with 1 < h < m . Given a G C^ and a cube Qi, we 
say that i e B„ ii \\ga{k)\\B,Q, > 1 for A; = l,...,h and \\ga{k)\\B,Q, < 1 for A; = h + l,...,m. 
For a e C™ and i & B„ denote 

k 

nfc = ]__[ \\9u(j)\\B,Qi 

and Ho = 1. Then Ilfc > 1 for every \ <k <m and thus 

1 < iifc = ||fi'cr(fc)IU,Qi nfc_i = ||5'o-{fc)nfc_i||g^Q. 

or, equivalently 

(5.1) ^ / s ((?.(,) n,„i) > 1- 

In particular, 

(5.2) 1<-^ J B (g^^m) n^-i) <T^J B (g^^m)) B (Um-i) . 

Now, by taking into account the equivalence 

|M|,,,5^inf|/.+ ^ 1^^(1,1//.) 
if 1 < j < m — /i — 1, by (5.1) we get 

B^{Ilm-j) = B^{\\g„(^rn-j)^m-j-l\\B,Qj 

< CB^ (i + ^ / ^ i3.i^~^) n™-.-i)) 

From (5.2), by iterating the inequality above, we obtain 

(m~h~l -IP \ 

(m—h~l -\ f \ f ^ 

n Ml''" («"'-')] (n''"""''"^"" 
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(i) 1 1 6,0,, 



since B is submultiplicative. Thus, since i G B„, we have ||5'cr(j)||B,0i > 1 for j = 1, ...h, 
and it follows that 

(5^3) 1< C I n ^ / B'» (9„(„-„) 1 ( TTtT^ / B"""*'(9.0)) I ■ 



^<nnMZ/"'M(nK^I 



Now, since for 1 < /i < m and < j < m-/i-l we have that B^+^{t) < B'^~^{t) < B'^it) 
and i3™-^+i(t) < B'^it). Then 



'^^SmI^'* 



or equivalently 

l/m 



7=1 V^Q. 



l/m 



Thus, we obtain that 

i=i V-^Qi / j=i \ -Jo.- 

since 5 is submultiplicative. 

By applying Holder's inequality we have that ^^^j^ < Hi^i ( \o\ ) • Then from 
the above inequalities we obtain that 

u{K) < cY^'^m 

m / „ s l/m 



i=l V j '"^^il >^3Q, JQ, 

cfl( f B'^imM^^LUi 



where z/' = S™ o (^i/"* and the proof concludes. D 

In order to prove Theorem 3.14 we need the following lemma. 

(5.4) Lemma: Letq> 1, e > 0, i3^(t) = t(l + log+ 1)^ ^^(t) = t(l + log+ 1)^'^+«~^+^ and 
let w, u he weights. Then there exists a positive constant C such that the inequahty 

(5.5) / MsXfyM^^iuy-'^'w< [ Ifl'^'u'-'^'Mw 
holds. 
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Proof. Let Ai{t) = ^"(1 + log+ t)^9+9-i+^ and C{t) = ^^'(i + log+t)"(^+^\ Then, it is 
easy to check that Aj^{t)C~^{t) < B^^(t). Thus, by Holder's inequahty 



Then, since C E Bqi 



MB.^gu^'^Y M^ {uY~'''w < C Mcigy'w <C \g\''' Mw 



where the last inequality was proved in [Pe2]. Finally, by taking g = fu ^^'^ we obtain 
(5.5). D 

Proof of theorem 3.14'- Let p > 1 to be chosen later. Thus, since L^'°° and L^ '^ are 
associated spaces, we have that 

\\q- /||l/{P'm) _ iii-T- f\l/{pm)\\ _ „,,^ / \q- /'|l/(p"i)^„, 

llffLi,' 1, .<i^iR" 
By Theorem 3.11 i) we obtain that 

= C,[ (A1,.,„/)V(,™)i^iMM,,(«), 

where Ai is a Young function to be chosen later. Then, by applying Holder's inequality 
in Lorentz spaces we obtain that 

Now the argument follows in similar way to that in [CPSS] (see also [P] for the multilinear 
fractional integral). If we define S{f) = -jv^f^r^,; the result will be done if we prove that 

S:Lr'''\u)^L^'^\Mj^^{u)). 

We shall take Ai such that Mb,{u) < M^^{u), then S : L°°(m) -^ L°°(M^^(m)). Thus, 
by the Marcinkiewicz's interpolation theorem in Lorentz spaces due to Hunt (see [BS]), 
it is enough to prove that S : L^^"*"^) (u) — > L^p~^^^ (M^ (u)), which is equivalent to prove 
the following inequality 

(5.6) [ (M5,(/))(^+^)'(M.(n))^-(P+^)'< [ |/|(P+^)'n^-(P+^)'. 



By choosing A^ = t(l + log"*" t)^^"*"^ i+(e+2)t^ e > 0, the above result holds from Lemma 
5.6 with q = p + e and w = 1. Then, we obtain that 

\\'^b'^,4)f\\L^/"''°°iu) < C'II(-^<J'i,B£/)IIli/'"'°°(M^ («))• 

Thus, taking p = 1 + ^"/^j^ with < e{i + 2) < 5^ we get the theorem, since Ai(t) = 
t(l + log+ t)^+^^ 
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